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Abstract
This paper is related to a large recent literature studying the Phillips curve in
sticky-price equilibrium models. It diﬀers in allowing for the degree of price sticki-
ness to be determined endogenously. A closed-form solution for short-term inﬂation
is derived from the dynamic stochastic general equilibrium (DSGE) model with
state-dependent pricing originallydeveloped byDotsey , King and Wolman. This
generalised Phillips curve encompasses the New Keynesian Phillips curve (NKPC)
based on Calvo-type price-setting as a special case. It describes current inﬂation as
a function of lagged inﬂation, expected future inﬂation, and current and expected
future real marginal costs. The paper demonstrates that inﬂation dynamics gen-
erated bythe model for a broad class of time and state-dependent price-setting
behaviours are well approximated bythe popular hy brid NKPC (with one lag of
inﬂation) in a low-inﬂation environment. This provides an explanation of whythe
hybrid NKPC performs well in describing inﬂation dynamics across industrial coun-
tries. It implies, however, that the reduced-form coeﬃcients of the hybrid NKPC
maynot have a structural interpretation.
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The Phillips curve has long served as a useful description of monetarypolicyeﬀects on inﬂation.
In modern New Keynesian models, it is explicitly derived from the pricing decisions of ﬁrms. One
advantage of this new approach is that because the relationship has a structural interpretation,
we can, for example, infer implications for the transmission of inﬂation following a shock; the
Phillips curve is no longer a ‘black box’. But if there are structural changes in the economy, such
as the move to a low-inﬂation environment witnessed since the 1990s in the United Kingdom
and several other countries, the price-setting behaviour of ﬁrms maychange and aﬀect inﬂation
dynamics. From a policy perspective, therefore, two important issues arise. First, how sensitive
is short-term inﬂation dynamics to such shifts in the economic environment? Second, how well
does a Phillips curve based on the assumption of unchanged price-setting behaviour of ﬁrms
describe inﬂation dynamics of an economy where the former has in fact changed?
In recent years, dynamic general equilibrium models with nominal rigidities have become
the standard tool to analyse the eﬀects of monetary policy on output and prices. These models
regularlyassume some form of staggered price-setting with an exogenous timing of price changes
(time-dependent pricing). The implication is that ﬁrms do not adjust the time pattern of their
price adjustments in response to changes in macroeconomic conditions. This is hardlyplausible
if we think of an environment with shifts in trend inﬂation, for example, and maylimit the value
of these models for monetarypolicyanaly sis. In response to this problem, Dotseyet al. (1999)
have developed a dynamic general equilibrium model with endogenous timing of price changes.
Building on earlier contributions bySheshinski and Weiss (1983) and Caplin and Leahy(1991),
theydescribe an economywhere the ﬁrms’ time pattern of price changes responds to the state
of the economy(state-dependent pricing). Recent contributions to the literature have developed
state-dependent pricing models that emphasise the role of stickypricing plans (Burstein (2002))
and idiosyncratic marginal cost shocks (Golosov and Lucas (2003)).
The analy sis of monetarypolicyin dy namic general equilibrium models is usuallyperformed
bynumerical methods. Nevertheless, it is useful for manypurposes to have a closed-form solution
for short-term inﬂation. In the case of time-dependent pricing, a structural equation relating3
inﬂation dynamics to the level of real marginal costs (or another measure of real activity) has
been derived from the Calvo (1983) model. Under zero trend inﬂation, it relates inﬂation to
marginal costs and the expectation of next period’s inﬂation. This is the New Keynesian Phillips
curve (NKPC).1
In this paper, we derive a closed-form solution for short-term inﬂation from the Dotseyet al.
(1999) model. The resulting equation is less compact than the New Keynesian Phillips curve. It
relates inﬂation to lagged inﬂation, expected future inﬂation, and current and expected future
real marginal costs. The number of leads and the size of the coeﬃcients are endogenous and
depend on the level of steady-state inﬂation and on ﬁrms’ beliefs about future adjustment costs.
We refer to this structural equation as the state-dependent Phillips curve (SDPC).
In contrast to the NKPC, the SDPC allows lagged inﬂation terms to aﬀect current inﬂation.
This is an interesting feature since estimates presented byGal´ı and Gertler (1999) and Gal´ ı
et al. (2003) among others suggest that the NKPC extended bya lagged inﬂation term provides
a better description of inﬂation dynamics than the purely forward-looking NKPC. There are
various ways to derive a speciﬁcation with lagged inﬂation beyond the SDPC. Three approaches
have been considered in the recent literature. First, Gal´ ı and Gertler (1999) extend the Calvo
(1983) model to allow for a subset of sellers that resort to a backward-looking rule of thumb to set
prices. Second, Christiano et al. (2001) assume backward-looking indexation of wages and prices
to the aggregate price level. Third, Wolman (1999), Dotsey(2002), Guerrieri (2002), Kozicki
and Tinsley(2002), and Mash (2003) use other forms of time-dependent models of price-setting
that build on the staggered contract model of Taylor (1980). While all three approaches provide
lagged inﬂation terms, the structure of these Phillips curves is conditional on the assumption
about exogenous nominal rigidities. So a keyadvantage of the SDPC over this class of Phillips
curves is its endogenous structure. This aspect can oﬀer guidance to policymakers on how
structural changes can aﬀect inﬂation dynamics.
Given the empirical evidence suggesting that the NKPC with a lagged inﬂation term performs
well for several countries, the question arises whether the data generating process underlying the
SDPC is realistic. To explore this issue, we generate artiﬁcial data based on various calibrations
1See Woodford (2003) for a detailed exposition.4
of the state-dependent model and estimate the NKPC with one lagged inﬂation term, ie the
hybrid Phillips curve of Gal´ ı and Gertler (1999), using the GMM approach. Our ﬁndings suggest
that the parsimonious structure of the hybrid NKPC is a good reduced-form description of
inﬂation dynamics for a wide range of time and state-dependent price-setting behaviour in a
low-inﬂation environment. However, the reduced-form coeﬃcients of the hybrid NKPC may not
have a structural interpretation. In this sense, the hybrid NKPC may still share the weaknesses
of the traditional Phillips curve approach.
The paper is organised as follows. Section 2 reviews the main features of the state-dependent
model byDotseyet al. (1999). Section 3 derives the SDPC and shows that this generalised
Phillips curve nests the NKPC. To explore the SDPC, Section 4 shows how it varies with
the price-setting characteristics at the ﬁrm level (price adjustment cost assumption) and trend
inﬂation. Section 5 confronts the SDPC with the hybrid NKPC. We generate artiﬁcial data sets
from the state-dependent model for a range of calibrations and discuss the performance of the
hybrid NKPC in describing the dynamics of these data sets. Section 6 concludes.
2 The state-dependent pricing model
The framework we use in this paper is the dynamic stochastic general equilibrium model with
state-dependent pricing of Dotseyet al. (1999). The economystudied bythese authors is
characterised bymonopolistic competition between ﬁrms selling ﬁnal goods. With a common
technologyand common factor markets real marginal costs are the same for all ﬁrms. The
novel feature of the model is the wayprice adjustment costs are introduced. It is assumed that
ﬁrms face stochastic costs of price adjustment which are i.i.d. across ﬁrms and across time.
Firms evaluating their prices weigh the expected beneﬁt from price adjustment against the price
adjustment cost theyhave drawn in the current period. Conditional on the current adjustment
costs, some ﬁrms do adjust while others do not. All adjusting ﬁrms set the same price.
In this section, we focus on the keyequations describing the optimal nominal price and the
aggregate price level, respectively. The rest of the model is familiar and formal details can be
found in Dotseyet al. (1999). To simplifythe presentation, we split the price-setting problem5
into two parts. For a given realisation of the adjustment cost, each ﬁrm has to decide whether
to adjust the price of the ﬁnal good it produces and, if so, to what level. The former can be
characterised bythe dy namic programming problem
Vt = max(υ0,t − ξtwt,υ j,t) (2.1)
where υ0,t gives the current value of the ﬁrm if it adjusts the price in the current period, and
υj,t is the ﬁrm’s value if it keeps the price set j periods ago unchanged. The price adjustment
cost is denoted by ξtwt, where ξt is the realisation of the stochastic adjustment cost expressed
in labour units, and wt is the real price of labour.















The corresponding value of the ﬁrm in case of no price adjustment in t is
υj,t = zj,t+EtβQt,t+1
 









where zj,t denotes the current real proﬁt based on the optimal price set j periods ago, Pj,t, and
the term in the square brackets reﬂects the two possibilities of adjustment and non-adjustment
next period. With probability1 −αj+1,t+1, the ﬁrm will not adjust its price next period; in this
case, we have the discounted expected value of a non-adjusting ﬁrm, Et[βQt,t+1υj+1,t+1], where
βQt,t+1 is the discount factor which varies with the ratio of future to current marginal utility.
With probability αj+1,t+1, the ﬁrm will adjust its price next period; in this case, we have the
discounted expected value of an adjusting ﬁrm, Et[βQt,t+1υ0,t+1], less the expected adjustment
cost the ﬁrm will have to pay, amounting toEt[wt+1α−1
j+1,t+1Ξj+1,t+1]. The average cost in labour
units paid conditional on adjustment, α−1
j+1,t+1Ξj+1,t+1, depends on G−1(αj+1,t+1), where G(·)
denotes the distribution of the ﬁxed price adjustment cost. Equation (2.2) refers to a ﬁrm which6
does adjust its price in the current period, so that j = 0; otherwise the interpretation is the
same as in (2.3).
Now a ﬁrm will change its price onlyif the beneﬁt of a price adjustment exceeds the reali-
sation of the random adjustment cost. Formally,
υ0,t − υj,t ≥ wtξt, ∀j =1 ,2,...,J (2.4)
If both sides of (2.4) are equal, the ﬁrm is indiﬀerent between adjusting its price and keeping it
unchanged. This borderline case can be used to derive the price adjustment probability αj,t of
a ﬁrm that adjusted its price j periods ago. It is the likelihood of drawing an adjustment cost





), ∀j =1 ,2...,J (2.5)
Equation (2.5) describes how the adjustment probabilities depend on the state of the economy.
As the value functions evolve stochasticallywith the state of the economy , the adjustment
probabilities αj,t ∀j =1 ,2,...,J,also change. Note that J is the maximum number of periods
the ﬁrm is willing to do without a price adjustment. It is ﬁnite because, with adjustment costs
bounded from above and positive trend inﬂation, the net beneﬁt of a price adjustment becomes
arbitrarilylarge over time. The state-dependent behaviour of the adjustment probabilities is a
keyfeature of the model. It captures the intuitive notion that adjustment behaviour responds
to shocks, and that with positive inﬂation a ﬁrm which last changed its price a long time ago is
more likelyto readjust than a ﬁrm which changed its price more recently .
The adjustment probabilities αj,t, ∀j =1 ,2,...,J, can then be used to describe the dis-
tribution of price vintages in the economyand the evolution of this distribution through time.
Let the ﬁrms at the beginning of period t be ordered according to the time that has elapsed
since their most recent price adjustment τj,t,∀j =1 ,2,...,J, where
 J
i=1 τj,t = 1. In period
t, a fraction αj,t of vintage-j ﬁrms decides to adjust in accordance with (2.4), and a fraction






and the fractions of the other ﬁrms, ie the ﬁrms that last adjusted their prices j periods ago,
are
ωj,t =( 1− αjt)τj,t, ∀j =1 ,2,...,J− 1 (2.7)
The end-of-period fractions then deﬁne the distribution of the price vintages at the beginning
of period t +1 : τj+1,t+1 = ωj,t,∀j =0 ,1,...,J− 1. Note that the fraction of adjusting ﬁrms,
ω0,t, is conditional on the exogenous adjustment cost distribution function G(ξ). In Section 4.1
below, we will examine the sensitivityof the optimal price-setting behaviour with respect to
diﬀerent assumptions for G(·).
We then turn to the second aspect of the ﬁrm’s price-setting problem, that is the determi-
nation of the optimal nominal price P0,t. The adjusting ﬁrm will choose P0,t such that υ0,t is
maximised. Diﬀerentiating (2.2) with respect to P0,t and removing υ1,t+1 byrecursive forward
































where MCt+j, Ct+j, and Pt+j denote aggregate real marginal costs, aggregate demand and
aggregate prices, and θ is the elasticityof substitution between goods (or equally , the elasticityof
demand for anysingle good). Equation (2.8) is the dy namic counterpart to the static optimality
condition for the monopolistic ﬁrm’s price-setting problem. It requires the sum of the discounted
marginal proﬁts due to a price adjustment to be zero, or, since the proﬁts are deﬁned as revenues
minus costs, the sum of discounted expected marginal revenues to equal the sum of expected
marginal costs. With common factor markets, the ﬁrm’s real marginal costs in turn can be
expressed as a function of aggregate real marginal costs and aggregate prices.

















This is the central pricing equation and corresponds to that in Dotseyet al. (1999). The optimal
price depends on current and expected future aggregate real marginal costs, aggregate demand
and aggregate prices. The weights, Etωj,t+j/ω0,t, reﬂect the expected probabilities to be stuck
with the currentlyset price for j periods, Et
 j
i=1(1 − αi,t+i). These conditional probabilities
are endogenous and varyin response to changes in the state variables. Theywould be neither
endogenous nor time varying in a purely time-dependent model.
As all ﬁrms have identical marginal costs and identical expectations of future adjustment
costs, P0,t is the same for all adjusting ﬁrms.2 Therefore, the aggregate price level Pt can be










A revision of the price adjustment probabilities induced bya shock to the moneysupply , for
example, thus aﬀects the persistence of the aggregate price level through the reweighting of
individual prices in (2.10).
3 The state-dependent Phillips curve (SDPC)
3.1 Derivation
This section discusses the derivation of a Phillips curve from the model outlined in Section 2.
The keyequations are (2.9) describing the optimal nominal price set byadjusting ﬁrms, P0,t, and
(2.10) describing the aggregate price level, Pt. Starting from (2.9), we can divide both sides of
the equation by Pt to get relative prices. Bylog-linearising around the steadystate and solving
for the optimal relative price x0,t, one obtains
2Golosov and Lucas (2003) present a menu-cost model in which ﬁrms set prices optimallyin response







[θρi +( 1− θ)δi]πt+j + Et
J−1  
j=0





i=0 βiωiΠiθ δj =
βjωjΠj(θ−1)
 J−1
i=0 βiωiΠi(θ−1) ψj = ρj + κ(ρj − δj)
where the ˆ ω-terms denote absolute deviations and the other time-varying lower-case letters de-
note percentage deviations from their respective steady-state values. Appendix A summarises
the main steps of this derivation. Equation (3.1) describes the variations of the optimal rel-
ative price around its steadystate, x0,t, as a function of the expected deviations of future
inﬂation, πt+j, of current and future real marginal costs, mct+j, and of future probabilities
of non-adjustment, ˆ ωj,t+j − ˆ ω0,t, from their steady-state values. The coeﬃcients depend on
steady-state inﬂation, Π, the steady-state distribution of price vintages, ωj, the number of price
vintages, J, the real discount factor, β, the price elasticityof demand, θ, and the elasticity
of aggregate demand with respect to real marginal costs, κ. With an increase in steady-state
inﬂation for instance, the beneﬁt of adjusting relative prices is rising for all ﬁrms. Hence, the
adjustment probabilities are increasing (according to (2.4)), and the structure and number of
the ωj-terms are moving (according to (2.6) and (2.7)), therebyaﬀecting the magnitude of the
coeﬃcients in (3.1) endogenously.
Starting from (2.10), we then derive the log-linearised version of the aggregate price level in
terms of x0,t. In Appendix A we show that this yields





















We deﬁne ˆ Ωt =
 J−1
j=0 νjˆ ωj,t. Thus, we have that










Equation (3.3) indicates that x0,t is related to deviations of current and lagged inﬂation,
πt−j, and of lagged optimal relative prices, x0,t−j, from their steady-state values. Further it
is related to the deviation of the distribution of price vintages from the steadystate, ˆ Ωt. The
coeﬃcients, in turn, depend on steady-state inﬂation, Π, the steady-state distribution of price
vintages, ωj, the number of price vintages, J, and the price elasticityof demand, θ.A s i n
(3.1), the parameter structure in (3.2) moves state-dependently. That is, with an increase in
steady-state inﬂation, the steady-state adjustment probabilities and thus the distribution of
price vintages change endogenously. Since the aggregate price level depends on the distribution
of price vintages, the shifting pattern of the distribution caused bythe increase in steady -state
inﬂation aﬀects the dynamics of the aggregate price level expressed in terms of x0,t.





























Applying iterative backward substitution to (3.3) allows us to eliminate all optimal relative











































  e[H(−B)i−1A][.,j−(i−1)] − µj
 
,µ j =0 ,∀j ≥ J − 1










  e[H(−B)i−1C][.,j−(i−1)] ∀j ≥ 111
The details about the matrices H, A, B and C are given in Appendix B. It is suﬃcient to
note here that   e is a unityrow vector with [( j+1)(J −1)−1] elements and that the matrices H,
A, B and C are square matrices of order [(j + 1)(J − 1) − 1]. The subscript [.,j − (i − 1)] then
denotes the column of matrix [H(−B)(i−1)A] and [H(−B)(i−1)] which are premultiplied by   e.
We refer to (3.5) as the state-dependent Phillips curve (SDPC). According to the SDPC,
the deviation of current inﬂation from the steadystate, πt, depends on the deviations from their
respective steady-state values of lagged inﬂation, πt−j, expected future inﬂation, πt+j, current
and expected future real marginal costs, mct+j, expected future probabilities of non-adjustment,
ˆ ωj,t+j − ˆ ω0,t, and of the lagged distributions of price vintages, ˆ Ωt−j.
The number of leads for πt+j, mct+j, and ˆ ωj,t+j − ˆ ω0,t are ﬁnite, while the number of lags for
πt−j and ˆ Ωt−j are inﬁnite. The inﬁnite lag structure results from the elimination of the relative
prices. However, the coeﬃcients on these lags can be shown to converge to zero since the price
adjustment cost and therefore the price-setting behaviour is stochastic implying that ω0,t >ω j,t,
∀j =1 ,2,...,J− 1. How fast this comes about depends again on the assumption made about
the adjustment cost distribution and on the state of the economy.
The coeﬃcients in the SDPC depend on steady-state inﬂation, the steady-state distribution
of price vintages, the number of price vintages, and the price elasticityof demand. Those on the
expected variables also depend on the real discount factor; those on the marginal cost terms,
further depend on the elasticityof aggregate demand with respect to real marginal costs. The
price adjustment costs are not made explicit in (3.5), but theyare lingering in the background.
Byaﬀecting the number and the distribution of price vintages, theyare indirectlylinked to the
coeﬃcients of the SDPC. Thus we conclude that with a change in the distribution of adjustment
costs or a change in steady-state inﬂation, the structure of the SDPC will change as well. We
have suggested alreadyhow an increase in steady -state inﬂation inﬂuences the optimal pricing
behaviour in the state-dependent model. In Section 4, we shall give a more detailed account
based on numerical methods and ﬁgures.12
3.2 Nesting the NewKeynesian Phillips curve
A substantial amount of recent research in monetaryeconomics has focused on theoretical and
empirical issues related to the NKPC. The NKPC states that current inﬂation depends on next
period’s expected inﬂation and on marginal costs or another measure of economic activity:
πt = βEtπt+1 +
α(1 − β(1 − α))
(1 − α)
mct (3.6)
This speciﬁcation can be derived from a dynamic equilibrium model with monopolistic com-
petition and Calvo-type price stickiness.3 Calvo (1983) assumes that the price-setter adjusts
his or her price whenever a random signal occurs. The signals are i.i.d. across ﬁrms and across
time. Thus, there is a constant probability α that a given price-setter will be able to reset his
or her price in a given period. The adjustment probabilityis independent of the time that has
elapsed since the previous price adjustment, and the adjustment frequencydoes not depend on
the state of the economy.
If we consider the Dotseyet al. (1999) model under the assumption that price-setting follows
Calvo (1983) and that the level of steady-state inﬂation is constant at zero (ie, Π = 1 in gross
terms), we can show that the SDPC representation of inﬂation dynamics collapses to the NKPC.
Since the Calvo pricing assumption implies that the adjustment probabilityis constant for all
ﬁrms, αj,t = α, the number of price vintages becomes inﬁnite and the weights of the price
vintages can be written as a function of α and j:
ωj,t = α(1 − α)j, ∀j =0 ,1,...∞

























βj(1 − α)j ψ 
j =
α(1 − β(1 − α))
(1 − α)
βj(1 − α)j γj =0 µ 
j =0  j =0
3For the derivation of the NKPC see Gal´ ı and Gertler (1999) or Sbordone (2002).13
There are three points to note here. First, under the assumption of Calvo-type price-setting
and zero trend inﬂation, the SDPC does not include anylagged terms. This is the consequence
of the deﬁnition of the aggregate price level in (2.10). The inﬁnite geometric lag structure
allows us to abstract from the weights of the previouslyset optimal prices and to summarise the
whole pricing historyin terms of the previous period’s aggregate price level. This result holds
regardless the level of steady-state inﬂation. Second, the eﬀect of the state-dependent pricing
behaviour (reﬂected in (3.5) byˆωj,t+j − ˆ ω0,t, ˆ Ωt−j) disappears. Third, equation (3.7) includes
an inﬁnite number of leads for expected inﬂation and expected real marginal costs. As shown
in Figure 1, the coeﬃcients on these leaded variables take a geometricallyfalling and inﬁnite
form.4
After isolating expected next period’s inﬂation and current marginal costs in (3.7), the SDPC
representation of the Calvo model takes the form
πt = αβEtπt+1 +








βj(1 − α)jEtπt+j +




βj(1 − α)jEtmct+j (3.8)
The geometricallyfalling and inﬁnite coeﬃcient structure then allows us to express the whole
lead structure in (3.8) in terms of Etπt+1:





βj(1 − α)jEtπt+j +






Making use of (3.9), the SDPC representation in equation (3.8) reduces to the NKPC in
(3.6).5 The quantitative eﬀect of this simpliﬁcation on the coeﬃcient of Etπt+1 is exhibited in
Figure 1. The coeﬃcient on expected next period’s inﬂation is αβ in the SDPC representation
of the Calvo model and β in the NKPC. Since 0 <α<1, the coeﬃcient is larger in the NKPC.
Note that the coeﬃcient on current real marginal costs is the same in both representations.
4Although the actual number of leads is inﬁnite in the Calvo model, there are only15 leads display ed
in Chart 1.
5Similarly, it can be shown that the SDPC nests the NKPC speciﬁcations derived under positive trend
inﬂation byAscari (2004) and Bakhshi et al. (2003).14
Figure 1: Phillips curve coeﬃcients based on Calvo-type price-setting, πss =0 %
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4 Evaluation of the SDPC
We now evaluate the SDPC with respect to diﬀerent rates of steady-state inﬂation and diﬀerent
ty pes of price-setting. One wayof describing price-setting behaviour is bythe sequence of
adjustment probabilities [α1,...,α j,...,α J−1]  considered bythe ﬁrm. We compare three such
sequences which are based on three diﬀerent distributions of price adjustment costs.
Figure 2: Cumulative distribution functions (C.D.F.) of ﬁxed adjustment costs
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Following Dotseyet al. (1999), the three distribution functions are assumed to have the15
form G(ξ)=c1 + c2 tan[c3ξ − c4]. The calibrations are chosen such that the average duration
of price rigidityturns out to be six quarters for a steady -state inﬂation rate of 3%. 6 The rest
of the model calibration is the same for all three cases of price-setting. As suggested byDotsey
et al. (1999), we take β =0 .984 for the quarterlyreal discount rate, Π = 1 .03 (in gross terms)
for the annual steady-state inﬂation rate, and θ =4 .33 for the price elasticityof demand. The
alternative steady-state inﬂation rate we use for comparison is Π = 1.06 (in gross terms).
Table 1 summarises the calibrations and Figure 2 illustrates the three distributions of price
adjustment costs. The ﬁrst, labelled ‘ﬂat C.D.F.’, indicates that a ﬁrm is likelyto draw either a
verysmall or a verylarge adjustment cost over the interval [0 ,0.0133]. The likelihood of drawing
an intermediate adjustment cost is verysmall. The second distribution function, labelled ‘S-
shaped C.D.F.’, implies that a ﬁrm still is likelyto draw either a small or a large adjustment cost;
but the interval now is [0,0.010] and the likelihood of drawing an adjustment cost in the middle
range is higher than under the ﬁrst distribution function.7 The third function, labelled ‘linear
C.D.F.’, approximates a uniform distribution of adjustment costs over the interval [0,0.0105].
4.1 Steady-state comparisons of adjustment probabilities and
fractions of ﬁrms in price vintages
We start our evaluation bylooking at the steady -state adjustment probabilities, αj, and the
corresponding distribution of price vintages, ωj. Figure 3 summarises the results for the three
types of price-setting behaviour and the two levels of steady-state inﬂation. The horizontal axis
indicates the vintages ordered bythe number of quarters j since the price has been set.
We notice that the adjustment probability αj is rising in j in all three models. This is due to
the fact that in an inﬂationaryenvironment the beneﬁt of adjusting prices is larger for ﬁrms of
vintage j + 1 than for ﬁrms of vintage j, resulting in a higher adjustment probability. Take the
model with the S-shaped C.D.F. as an example. If πss = 3%, ﬁrms which adjusted their price
6This benchmark calibration is slightlyhigher than the durations of price rigidityreported in the
literature. See Wolman (2000) for a survey.
7The S-shaped distribution function is qualitativelysimilar to that adopted byDotseyet al. (1999).
Recently, Klenow and Kryvtsov (2003) have calibrated the parameters of the distribution function to
monthlymicro data underly ing the US CPI for the period 1988-2003. Their calibration implies a distri-
bution function which is similar in shape to the one underlying the Calvo model.16
Table 1: Model calibrations
Parameters Symbol Values
Preferences Quarterly discount factor β 0.984
Risk aversion σ 0
Labour supply elasticity ∞
Technology Labour share αL 0.667
Demand elasticity θ 4.33















Steady-state inﬂation πss 3% and 6%
Notes: B = upper bound of price adjustment costs.17
Figure 3: Characterisation of steady-state price-setting behaviour
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in the previous period (j = 1) adjust again in the current period with a probabilityof 2%. This
reﬂects the relativelysmall beneﬁt of readjusting after just one period. In contrast, ﬁrms which
set their price ten periods ago (j = 10) expect a sizable proﬁt gain from readjusting; hence the
probabilityof adjusting in the current period exceeds 40%.
Moreover, notice that the adjustment probability αj increases with the level of steady-state
inﬂation. Since the relative prices of the ﬁrms erode more rapidlyunder high inﬂation, the
ﬁrms adjust their prices more frequently. Also, the increase in the rate of steady-state inﬂation
lowers the number of price vintages. Consider the model with the S-shaped C.D.F. There are
13 price vintages when steady-state inﬂation is 3%. As the steady-state inﬂation rises to 6%,
the number of vintages declines to 8. Simultaneously, the average duration of price rigidity falls
from 6 quarters to 4.5 quarters.
Turning to the fractions of ﬁrms in the diﬀerent price vintages, we note that the fractions
are declining with rising j. Also, with higher steady-state inﬂation, the number of price vintages
is smaller and the number of ﬁrms in the vintages with low j is larger. In our example, ω0
increases from 0.17 at 3% inﬂation to 0.22 at 6% inﬂation.
Finally, we observe that the shape of the adjustment probabilities diﬀers depending on the
adjustment cost distribution function. This diﬀerence is not transmitted to the distribution
of price vintages, however. At least for low rates of steady-state inﬂation, the distribution of
relative prices is strikinglysimilar across the three price-setting assumptions.
4.2 Diﬀerent types of price-setting behaviour and the SDPC
We have seen that diﬀerences between adjustment cost distributions cause substantial diﬀerences
between sequences of adjustment probabilities. Here we ask how those diﬀerent distributions
translate into diﬀerent implications for the coeﬃcients in the SDPC.
Figure 4 displays the SDPC coeﬃcients computed for the various adjustment cost distribu-
tion functions (ﬂat C.D.F., S-shaped C.D.F. and linear C.D.F.) under the assumption of 3%
steady-state inﬂation. The leads (+) and lags (−) of the variables are given on the horizontal19
axis, the size of the coeﬃcients on the vertical axis. We can see that the coeﬃcients on expected
future inﬂation, δ 
j, and on current and expected future real marginal costs, ψ 
j, take their high-
est values at low leads and fall oﬀ smoothlywith higher leads in a slightlyconvex pattern.
Figure 4 displays only 10 leads, although the maximum lead J − 1 is 12 or 14, depending on
the adjustment cost distribution. Note that the pattern of the coeﬃcients is not too diﬀerent
from the one we observed in the SDPC representation of the Calvo model (see Figure 1). The
coeﬃcients on lagged inﬂation, µ 
j, are quantitativelyimportant at low lags but fall oﬀ rapidly
at higher lags and converge to zero in an oscillating pattern. The coeﬃcients which are related
to the state-dependent nature of price-setting,  j and γj, are all negligible in size, with  0 as
the onlyexception.
Turning to the diﬀerent types of price-setting behaviour, the main result is that the SDPC
coeﬃcients are remarkablysimilar across the three adjustment cost distribution functions. The
diﬀerences between the three functions (all calibrated such that the average duration of price
rigidityis six quarters) have little eﬀect on the reduced-form coeﬃcients of the SDPC. To
understand this result, we consult the deﬁnitions of the coeﬃcients. According to (3.5) the
coeﬃcients depend on the level of steady-state inﬂation rate, Π, the number of diﬀerent price
vintages in the economy, J, the steady-state fractions of diﬀerent price vintages, ωj, the steady-
state real discount factor, β, the price elasticityof demand, θ, and the elasticityof aggregate
demand with respect to marginal costs, κ. We know from our assumptions that Π = 3%,
β =0 .984, θ =4 .33 and κ are the same in all three models. Also, we have noticed in the
preceding section that the number of price vintages (ﬂat C.D.F.: J = 13, S-shaped C.D.F.:
J = 13, linear C.D.F.: J = 15) and the distribution of price vintages, ωj, varylittle across the
three models despite marked diﬀerences in the sequences of adjustment probabilities. Thus, the
similaritycan be traced back to the parameters and steady -state values going into the reduced-
form coeﬃcients of the SDPC, which are all either equal or similar across the three types of
price-setting behaviour.20
Figure 4: Coeﬃcients in the SDPC for diﬀerent types of price-setting behaviour, πss =3 %
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Figure 5: Reduced-form coeﬃcients in the SDPC when steady-state inﬂation moves
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4.3 Diﬀerent steady-state inﬂation rates and the SDPC
Finally, we explore the eﬀect of the steady-state inﬂation rate on the reduced-form coeﬃcients
of the SDPC. The two steady-state inﬂation rates considered are 3% and 6%. The adjustment
cost distribution function assumed throughout is the S-shaped C.D.F..
We have seen in Figure 3 that a higher level of steady-state inﬂation leads to an upward
revision of the optimal adjustment probabilities. As a consequence, prices are adjusted more
frequently. The number of price vintages, J, declines and the distribution of price vintages, ωj,
is modiﬁed. The other factors determining the reduced-form coeﬃcients of the SDPC (β, θ and
κ) are not aﬀected bythe increase in steady -state inﬂation.
As shown in the top panel of Figure 5, the number of leads falls to 7 (from 12) when steady-
state inﬂation is raised to 6%. The coeﬃcients on expected future inﬂation, δ 
j, on current
and future marginal costs, ψ 
j, and on the expected variations in state-dependent price-setting
behaviour, γj, increase with inﬂation at low leads while falling oﬀ more rapidlyat higher leads.
Also, the size of the coeﬃcients increases on low lags of inﬂation, but falls oﬀ more rapidlywith
increasing lag length. At the same time, the oscillating pattern gets more distinct. Note, ﬁnally,
that the coeﬃcients on expectations about future state-dependent deviations from steady-state
adjustment behaviour are still negligible.
5 An interpretation of the hybrid NKPC
In this section, we examine whether the hybrid NKPC is a good empirical approximation to the
inﬂation dy namics generated bya plausiblycalibrated model with state-dependent pricing. The
hybrid NKPC was proposed by Gal´ ı and Gertler (1999). Theyassume that some ﬁrms set their
prices in a forward-looking optimising waybased on Calvo (1983), while the other ﬁrms apply
a backward-looking rule of thumb. The resulting equation is
πt = γbπt−1 + γfEtπt+1 + λmct (5.1)23
Similar speciﬁcations have been derived byChristiano et al. (2001) adding full dy namic
indexation, and by Woodford (2003) adding partial dynamic indexation to Calvo-type price-
setting.8 Empirical evidence suggests that the hybrid NKPC does well empirically and provides
a better description of inﬂation dynamics than the purely forward-looking NKPC. Examples are
Gal´ ı and Gertler (1999), Gal´ ı et al. (2001), Gagnon and Khan (2004), Leith and Malley(2002),
Smets and Wouters (2003), and Sbordone (2003).9 Gal´ ı et al. (2003) present evidence for the
robustness of the hybrid NKPC in response to criticisms by Rudd and Whelan (2002) and Linde
(2003).10
To examine the hybrid NKPC in the context of a model with state-dependent pricing, we
start bydoing stochastic simulations of the full Dotseyet al. (1999) model to generate artiﬁcial
data sets. There are three ty pes of shocks: moneysupplyshocks, moneydemand shocks and
technologyshocks. All shocks are assumed to follow an AR(1) process with a persistence param-
eter of 0.5; otherwise, the three shocks are mutuallyindependent. The standard deviation of the
innovation to a shock is 1%. We generate 1,000 samples of 150 quarterlyobservations for each
case considered. Overall, we consider twelve diﬀerent cases based on three diﬀerent calibrations
of the distribution of price adjustment costs (ﬂat C.D.F., S-shaped C.D.F., and linear C.D.F.),
two levels of steady-state inﬂation (3% and 6%), and both time-dependent and state-dependent
simulations of the model. In the state-dependent simulations (SD), the adjustment probabilities
varyover time in response to a shock, while in the time-dependent simulations (TD), the adjust-
ment probabilities are restricted to stay constant at their steady-state solutions implying that
ˆ ωj,t+j − ˆ ω0,t and ˆ ωj,t do not show up in the linearised equations (3.1) and (3.2) of the model.11
8The details of how the coeﬃcients γb and γf relate to the underlying structure are slightly diﬀerent
for each formulation. For example, we have γb + γf < 1 under the hybrid NKPC and γb + γf = 1 under
the indexation formulation.
9On the other hand, Sbordone (2002) and Lubik and Schorfheide (2004) present results for the United
States which support the purelyforward-looking NKPC.
10Jondeau and LeBihan (2003) ﬁnd that omitted dynamics may explain the discrepancies between ML
and GMM estimates of the hybrid model. Eichenbaum and Fisher (2003) interpret the signiﬁcance of
lagged inﬂation as arising due to measurement errors in the data.
11In the state-dependent simulations we have to make sure that the out-of-steady-state adjustment
probabilities are not greater than one or less than zero. This constraint is critical for adjustment prob-
abilities which are close to one in the steadystate, ie for ﬁrms with a relativelyold price. Therefore,
we keep the adjustment probabilities constant at their steady-state values for an accumulated 2% of the
oldest price vintages. For the remaining 98%, the adjustment probabilities ﬂuctuate around their steady-
state values. If a probabilitytakes a value greater than one or smaller than zero the shock is drawn again.
With the calibration we are using this case arises onlyrarely .24
We then estimate (5.1) under the restriction ˆ γf +ˆ γb = 1 using the GMM approach.12 The
instrument set comprises of four lags each of inﬂation, real marginal costs and the output gap.13
Table 2 summarises the estimation results based on the artiﬁcial data sets generated under 3%
steady-state inﬂation. We present the mean estimates of the coeﬃcients λ, γf and γb over the
respective 1,000 data sets. The interval in square brackets is given bythe 10% and the 90%
quantiles of the distributions of coeﬃcient estimates. If this interval includes zero, the share of
the 1,000 data sets with a signiﬁcant t-value is given in brackets. J∗ indicates the fraction of
the 1,000 data sets where the Sargan-Hansen instrument validitytest is passed.
The estimation results do not varymuch across the three adjustment cost distribution func-
tions. The estimated forward-looking inﬂation coeﬃcient, ˆ γf, dominates the backward-looking
inﬂation coeﬃcient, ˆ γb. The point estimates of the marginal cost coeﬃcient, ˆ λ, are positive but
small. When the data sets are generated by SD simulations (implying time-varying adjustment
behaviour), ˆ λ is signiﬁcant onlyin a small fraction of the simulated data sets independent of
the type of adjustment cost distribution. Interestingly, the point estimates displayed in Table 2
based on simulated data are close to those reported in Gal´ ı et al. (2003). Their estimates are
ˆ γb =0 .355, ˆ γf =0 .627, and ˆ λ =0 .014 (all statisticallysigniﬁcant) based on post-war US data
from the
1960 Q1-1997 Q4 period over which the average annual inﬂation is approximately4%.
Next, we compare the distribution of correlations between fundamental inﬂation and eﬀective
inﬂation.14 Eﬀective inﬂation is the inﬂation generated bythe full state-dependent model.
Fundamental inﬂation, in turn, refers to the inﬂation dynamics implied by the estimated hybrid
NKPC. To compute fundamental inﬂation, inﬂation in (5.1) is rewritten as a function of lagged
12Dotsey(2002) conducts a similar experiment. He estimates (5.1) based on data generated bya
three-period forward-looking truncated Calvo model under zero steady-state inﬂation. The estimated
coeﬃcient on lagged inﬂation, ˆ γb, is positive, statisticallysigniﬁcant, and of the same magnitude as the
one estimated byGal´ı and Gertler (1999). Hence, Dotsey(2002) points out that there maybe pitfalls in
interpreting the estimated lagged coeﬃcient as one arising from backward-looking rule-of-thumb pricing
behaviour. He also discusses the issue of instrument validityin the case where additional lags of inﬂation
appear in the speciﬁcation.
13This lag length corresponds to that typically used in the empirical literature. See, for example, Gal´ ı
and Gertler (1999).
14Kurmann (2002) reports the distribution of the correlation between observed and fundamental inﬂa-
tion based on the purelyforward-looking NKPC.25
Table 2: Estimation results for the hybrid NKPC, πSS =3 %
Data generating process: TD
adjustment costs ˆ λ ˆ γf ˆ γb J∗ D
Flat C.D.F. 0.012 (0.32) 0.573 0.427 0.98 6
[-0.002, 0.027] [0.455, 0.702]
S-shaped C.D.F. 0.012 (0.36) 0.555 0.445 0.98 6
[-0.000, 0.026] [0.462, 0.667]
Linear C.D.F. 0.012 (0.39) 0.539 0.461 0.98 6
[-0.001, 0.025] [0.459, 0.63]
Data generating process: SD
ˆ λ ˆ γf ˆ γb J∗ D
Flat C.D.F. 0.002 (0.04) 0.541 0.459 0.95 6
[-0.006, 0.01] [0.453, 0.639]
S-shaped C.D.F. 0.009 (0.07) 0.567 0.433 0.95 6
[-0.028, 0.048] [0.469, 0.684]
Linear C.D.F. 0.007 (0.08) 0.621 0.379 0.93 6
[-0.034, 0.05] [0.495, 0.773]
Notes: γf + γb =1 .
J∗ = proportion of 1,000 simulations passing the J-test.
D = average duration of price stickiness.26
Table 3: Estimation results for the hybrid NKPC, πSS =6 %
Data generating process: TD
adjustment costs ˆ λ ˆ γf ˆ γb J∗ D
Flat C.D.F. 0.019(0.34) 0.568 0.432 0.98 4.6
[-0.003, 0.044] [0.466, 0.699]
S-shaped C.D.F. 0.029 (0.59) 0.568 0.432 0.97 4.5
[0.006, 0.054] [0.486, 0.677]
Linear C.D.F. 0.036 (0.69) 0.551 0.449 0.98 4.2
[0.008, 0.065] [0.479, 0.643]
Data generating process: SD
ˆ λ ˆ γf ˆ γb J∗ D
Flat C.D.F. 0.014 (0.07) 0.649 0.351 0.94 4.6
[-0.015, 0.05] [0.515, 0.823]
S-shaped C.D.F. 0.010 (0.03) 0.711 0.289 0.95 4.5
[-0.039, 0.058] [0.549, 0.920]
Linear C.D.F. 0.098 (0.35) 0.592 0.408 0.73 4.2
[-0.062, 0.283] [0.443, 0.766]
Notes: γf + γb =1 .
J∗ = proportion of 1,000 simulations passing the J-test.
D = average duration of price stickiness.27
Figure 6: Distribution of correlations between eﬀective and fundamental inﬂation, πss =
3%
Data from SD simulations
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inﬂation and of the expected path of future real marginal costs, as in Gal´ ı and Gertler (1999):









where δ1 and δ2 denote the eigenvalues of the estimated equation (5.1). The data for expected
future marginal costs are generated using a bivariate VAR(2) with inﬂation and marginal cost.
The results summarised in Figure 6 refer to TD and SD simulated data sets. Theyshow
high correlations between fundamental and eﬀective inﬂation in all six cases considered. The
highest correlation results from the SD simulated data sets generated bythe model with the
ﬂat C.D.F.: in over 90% of the 1,000 simulations, the correlation is greater than 0.9. This is of
the magnitude found in the empirical literature. Gagnon and Khan (2004), for example, report
estimates implying that the correlation between observed inﬂation and fundamental inﬂation28
Figure 7: Distribution of correlations between eﬀective and fundamental inﬂation, πss =
6%
Data from SD simulations
Flat C.D.F.
S − shaped C.D.F.
Linear C.D.F.
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based on the hybrid NKPC is 0.88 for the United States, 0.91 for Canada, and 0.92 for the euro
area.
Taken together, the results in Table 2 and the correlations in Figure 6 suggest that for
3% steady-state inﬂation the hybrid NKPC is a good approximation to the inﬂation dynamics
implied bythe underly ing models of price-setting. In other words, the misspeciﬁcation of the
hybrid model is small. This result is not robust to an increase in trend inﬂation, however. In
Table 3 and Figure 7, we report results for the same type of exercise under the assumption of
6% steady-state inﬂation. Although point estimates remain qualitatively similar, the correla-
tions between fundamental and eﬀective inﬂation deteriorate markedly. This indicates that the
misspeciﬁcation of the hybrid model has increased signiﬁcantly.29
To explore the factors which contribute to this result, we make use of the information
provided byCharts 1, 4 and 5. In Figure 4, the coeﬃcients on expected future inﬂation, δ
 
j, and on
current and expected future marginal cost, ψ
 
j, have a pattern resembling the geometric pattern
of the corresponding coeﬃcients in the SDPC representation of the Calvo model displayed in
Figure 1. In the Calvo model, the geometric pattern collapses to just two terms denoting the
expectation of next period’s inﬂation and current real marginal costs. Consequently, one lead
of inﬂation and the current marginal cost term will turn out to be a good approximation of the





that geometric pattern well. In this case, the forward-looking structure of the SDPC indicates
a relativelysmall deviation from its counterpart in the hy brid NKPC.
At higher levels of steady-state inﬂation, the lead structure of the SDPC diﬀers evidently
from the monotonicallydeclining geometric lead pattern implied bythe NKPC. As shown by
Figure 5 (for 6% steady-state inﬂation and the S-shape C.D.F.), the number of price vintages
declines and the size of the coeﬃcients is modiﬁed. Thus, one lead of inﬂation becomes a
poor approximation for the lead structure of the SDPC. At the same time, the weight on the
most recent lags on inﬂation becomes larger. The estimates of the hybrid NKPC still turn
out to be similar as under the 3% case; but the correlation between eﬀective (model-based) and
fundamental (hybrid NKPC-based) inﬂation deteriorates indicating stronger misspeciﬁcation for
the hybrid NKPC.
6 Conclusions
In this paper we have used the state-dependent pricing model of Dotseyet al. (1999) to derive
a general speciﬁcation for the Phillips curve which allows for positive steady-state inﬂation and
state-dependent price-setting behaviour. In the state-dependent Phillips curve (SDPC) inﬂation
depends on current and expected future real marginal costs, past and expected future inﬂation,
and past and expected future ﬂuctuations in the price adjustment pattern. The speciﬁc nature
of ﬁrms’ price-setting behaviour and the deep structural parameters of the model, such as the
level of steady-state inﬂation or the elasticity of substitution, have important implications for
the structure of the SDPC.30
Also, we have demonstrated that the dynamics of inﬂation generated by simulations of
various variants of the Dotseyet al. (1999) model are highlycorrelated with those implied
by the estimated hybrid NKPC. This suggests that the hybrid NKPC with its parsimonious
structure provides a good reduced-form description of inﬂation dynamics for a broad class of
time and state-dependent price-setting behaviours. Bycomparing the structure of the SDPC
with the SDPC representation of the Calvo (1983) model underlying the NKPC, we ﬁnd that this
result holds as long as the distribution of the diﬀerent vintages falls smoothlyand in a slightly
convex pattern. For our adjustment cost distribution functions, this propertyholds if steady -
state inﬂation is low (3%), but not if inﬂation rates are as high as 6%. We draw two conclusions:
ﬁrst, the hybrid NKPC can be a good description of inﬂation dynamics in an economy that allows
for state-dependent pricing, particularlyat low trend inﬂation rates. Second, the coeﬃcients of
the hybrid NKPC may not have a structural interpretation. In this sense, the hybrid NKPC
maystill share the weaknesses of the traditional Phillips curve approach.31
A Log-linearization of the main pricing equations
Log-linearisation of the optimal nominal price set by adjusting ﬁrms:
Consider the ﬁrst-order condition for an optimal nominal price, as given byequation (2.8)






























Replacing P0,t/Pt by X0,t and using Pt/Pt+j =1 /
 j




























Log-linearising (A.2) around the steady-state values ωj = ωj,∀j =0 ,...,J − 1,C= C,
Π=Π ,X = P0





qt,t+j +ˆ ωj,t+j − ˆ ω0,t +( θ − 1)
j  
i=1



















where ˆ ω-terms denote absolute deviations and the other time-varying lower-case letters denote







































Relating real marginal cost ﬂuctuations to the ﬂuctuations of output, we can write
ct = κmct (A.6)
where κ denotes the elasticityof aggregate demand with respect to real marginal costs. If the
expected future ﬂuctuations of the stochastic discount factors, qt+j, are ignored, substituting






[θρi +( 1− θ)δi]πt+j + Et
J−1  
j=0





i=0 βiωiΠiθ δj =
βjωjΠj(θ−1)
 J−1
i=0 βiωiΠi(θ−1) ψj = ρj + κ(ρj − δj)
Equation (A.7) corresponds to (3.1) in the text.
Log-linearisation of the aggregate price level:
































Replacing P0,t−j/Pt−j by X0,t−j and Pt−j/Pt by1 /
 j−1
















Πj(1−θ) ˆ ωj,t +( 1− θ)ωj
X1−θ








where again ˆ ω-terms denote absolute deviations and the other time-varying lower-case letters
denote percentage deviations of variables from their respective steady-states values. Since X =






































Equation (A.13) corresponds to (3.2) in the text.
B Derivation of the SDPC coeﬃcients

































i=0 βiωiΠiθ δj =
βjωjΠj(θ−1)
 J−1













Using (3.2) and applying matrix notation, the weighted lagged relative price terms in (B.1), can
be written as
H  xt = HA  πt − HBxt−1 + HC  Ωt (B.2)34
where



























































































ω1ν1 0 ··· ··· ··· ··· ··· 0
0 ω2ν2 0 ··· ··· ··· ···
. . .
. . .
... ... ... ... ... ...
. . .
. . .
... ... ωJ−1νJ−1 0 ··· ···
. . .
. . .




... ... ... ... ... ...
. . .
. . .
... ... ... ... ... ...
. . .



















µ0 µ1 ··· µJ−2 0 ··· ··· 0
0 µ0 µ1 ... µ J−2 0 ···
. . .
. . .
... ... ... ... ... ...
. . .
. . .
... ... ... ... ... ... 0
. . .
... ... 0 µ0 µ1 ··· µJ−2
. . .
... ... ... ... 0 ··· 0
. . .
... ... ... ... ... ...
. . .



















ω1ν1 ω2ν2 ··· ωJ−1νJ−1 0 ··· ··· 0
0 ω1ν1 ω2ν2 ··· ωJ−1νJ−1 0 ···
. . .
. . .
... ... ... ... ... ...
. . .
. . .
... ... ... ... ... ... 0
. . .
... ... 0 ω1ν1 ω2ν2 ··· ωJ−1νJ−1
. . .
... ... ... ... 0 ··· 0
. . .
... ... ... ... ... ...
. . .





















1−θ 0 ··· ··· ··· ··· ··· 0
0 1
1−θ 0 ··· ··· ··· ···
. . .
. . .
... ... ... ... ... ...
. . .
. . . ··· 0 1
1−θ 0 ··· ···
. . .
. . .




... ... ... ... 0 ···
. . .
. . .
... ... ... ... ... ...
. . .










Byiterative backward substitution, the lagged relative price terms in (B.2) can be expressed
in terms of lagged inﬂation rates and lagged deviations of the distributions of price vintages
from their steady-state distribution:
H  xt = HA  πt − HBxt−1 + HC  Ωt











H(−B)j[A  πt−j + C  Ωt−j] (B.3)














































































  e[H(−B)i−1A][.,j−(i−1)] − µj
 
,µ j =0 ,∀j ≥ J − 1










  e[H(−B)i−1C][.,j−(i−1)] ∀j ≥ 1
Note that   e is a unityrow vector with [( j +1)(J −1)−1] elements and that the matrices H,
A, B and C are square matrices of order [(j + 1)(J − 1) − 1]. The subscript [.,j − (i − 1)] then
denotes the column of matrix [H(−B)(i−1)A] and [H(−B)(i−1)] which are premultiplied by   e.37
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